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REMARKS ON MASS AND ANGULAR MOMENTA FOR 
t/(l)2-INVARIANT INITIAL DATA 


AGHIL ALAEE AND HARI K. KUNDURI 

Abstract. We extend Brill’s positive mass theorem to a large class of asymptotically 
flat, maximal, [/(l)^-invariant initial data sets on simply connected four dimensional 
manifolds S. Moreover, we extend the local mass angular momenta inequality re¬ 
sult [1] for 17(1)^ invariant black holes to the case with nonzero stress energy tensor 
with positive matter density and energy-momentum current invariant under the above 
symmetries. 


1. Introduction 

In [2] Brill proved a positive energy theorem for a certain class of maximal, axisym- 
metric initial data sets on Brill’s theorem has been extended by Dain [3] and 
Gibbons and Holzegel [1] for a larger class of 3 dimensional initial data. Snbseqnently, 
Chrusciel |5] generalized the result to any maximal initial data set on a simply connected 
manifold (with multiple asymptotically flat ends) admitting a U{1) action by isometries. 
Moreover, in |3] a positive energy theorem was proved for a restricted class of maximal, 
t/(l)^-invariant, four-dimensional initial data sets on The hrst purpose of this note 
is to generalize this latter result to a larger class of 4-1-1 initial data. In particular, our 
result extends the work of [1] in three main directions: 

(1) We consider the general form of a U(l)^-invariant metric (i.e. we do not assume 
the initial data has an orthogonally transitive U(l)^ isometry group) on asymp¬ 
totically flat, simply connected, four-dimensional manifolds S admitting a torus 
action. 

(2) The orbit space B = S/U(l)^ of S belongs to a larger class S which is defined 
below in Definition 12.21 The boundary conditions on axis and fall-off conditions 
at spatial inhnity are weaker than those considered in |3]. In particular they 
include the data corresponding to maximal spatial slices of the Myers-Perry 
black hole. 

(3) The manifold S may possess an additional end (either asymptotically flat or 
asymptotically cylindrical of the form M x S^). Such S arise in the example 
of complete initial data for black hole spacetimes. The existence of non-trivial 
topology is also required for initial data to carry non-vanishing angular momenta. 
The results also hold for data satisfying (1) and (2) on 

The second main result of this work is to extend the local mass-angular momenta in¬ 
equality proved in [T] to the non-vacuum case with positive energy density and vanishing 
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energy current in directions tangent to the generators of the isometry group. This result 
naturally extends the result of [B] to the 4+1-dimensional setting. 

2. Positivity oe mass 

An asymptotically flat maximal initial data set (S, h, K, fi,j) must satisfy the Einstein 
constraint equations 

(2.1) Rfi — iKlh = Idvr/i, divA' = Svrj . 

where /i is the energy density, j is an energy-momentum current, and Rh and {Kll 
are respectively the Ricci scalar curvature and full contraction of K with respect to 
h. S is assumed to be a complete, oriented, simply connected asymptotically flat spin 
manifold with an additional asymptotic end. We now briefly review the discussionQ in |^. 
As proved in [8l|9] if the manifold-with boundary M is a spatial slice of the domain of 
outer communications of an asymptotically flat black hole spacetime admitting an f/(l)^ 
action, then S = x 5^) — B for some integer n where R is a four-manifold with 

closure B such that dB = H and R is a spatial cross section of the event horizon. We 
obtain a complete manifold S by doubling M across its boundary dM [7]. For example, 
complete initial data for the non-extreme Myers-Perry black hole has S = M x which 
has two asymptotically flat ends. For extreme black hole initial data, a spatial slice 
of the domain of outer communications is already complete (the horizon is an inhnite 
proper distance away from any point in the interior). Complete initial data for the 
extreme Myers-Perry black hole again has S = R x although the geometry is now 
cylindrical at one end. Note that initial data for non-extreme and extreme black rings 
have different topology [7j. 

We consider t/(l)^ = 17(1) x 17(1) invariant data with generators for i = 1,2. S is 
therefore equipped with a 17(1)^ action and further = 0. It proves useful 

to represent our space of functions on the two-dimensional orbit space B = S/17(l)^. in 
general the action will have hxed points (i.e. on points where a linear combination of the 
.^(j) vanish). A careful analysis |T0] establishes that B is an analytic, simply connected 
manifold with boundaries and corners and can be described as follows. Dehne the Gram 
matrix On interior points of B the rank of is 2. The boundary is divided 

into segments. On each such segment the rank of A^ is one and there is an integer-valued 
vector n* such that AjjR = 0 on each point of the segment (i.e. the Killing held 
vanishes on this segment). On corner points, where adjacent boundary segments meet, 
the rank of Xij vanishes. Moreover, if Vg = {vl,v‘^y and ris+i are vectors associated with 
two adjacent boundary segments then we must have det(ns, ri^+i) = ±1 [iQ]. Finally, we 
note that since S has two asymptotic ends, the two-dimensional orbit space is an open 
manifold with two ends. Note that at interior points, the orbit space is equipped with 
the quotient metric 

(2.2) Qab = hab — y'^^iaiib 
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The orbit space S is a simply connected, analytic two-manifold with (smooth) bonnd- 
aries and corners, with two ends. By the Riemann mapping theorem, it can be analyt¬ 
ically mapped to the upper half plane of C with a point removed on the real axis (if 
the point is removed anywhere else, then the region will not be simply connected). The 
boundary of B is mapped to the real axis with the above point removed by Osgood- 
Caratheodory theorem m, which we take to be the origin without loss of generality. 
We assume that (12.21) admits the global representation 

(2.3) g = e2^+2^(dp2+ d^2) 


where U = U{p,z),v = v{p,z) are smooth functions and p G [0, oo) and z G M. The 
asymptotically flat end corresponds to p, z —)■ cxd and the point (p, .^) = (0, 0) corresponds 
to the second asymptotic end. We will impose appropriate decay conditions on (R, v) 
below. The boundary is characterized by p = 0 in this representation. The boundary 
segments, where a particular linear combination of Killing fields vanish, are then de¬ 
scribed by the intervals Ig = {(p, z)\p = 0,as < z < a^+i} where Oi < 02 < • • • < a„ are 
referred to as ‘rod points’. Asymptotic flatness requires that there are two semi-infinite 
rods I- = {{p,z)\p = 0, —cxD < z < ai} and J+ = {(p, 2 ;)|p = 0, a„ < 2 ; < 00 } corre¬ 
sponding to the two symmetry axes of the asymptotically flat region. Further details on 
the orbit space can be found in [7]. 

Now note det A(0, 2 ;) = 0 on corner and boundary points and smoothness at fixed 
points requires det A = p^ -|- 0{p^) as p —)■ 0. Furthermore since S is asymptotically flat, 
this implies det A has to approach the corresponding value in Euclidean space outside 
a large ball (i.e. det A ~ as r —)■ cxo where r is a radial coordinate in M^). Let 0* be 
coordinates with period 27r such that the = dj. Then = c?^i. 

The four-manifold (E,h) may be considered as the total space of a f/(l)^ principal 
bundle over B, where we identify the fibre metric with Ajj. We use Greek indices a, /3 = 
1,..., 4 to label local coordinates on E. The simplest case is with its Euclidean metric 
which in our coordinate system has the representation 

( 2 . 4 ) s, = zmr + +z){c^r 

2^Jp^ + z^ 

Asymptotically flat metrics must approach ^4 with appropriate fall-off conditions. In 
particular we have det A —)■ p^ as p, z —)■ cxo. This suggests we set Xij = e^^AL where 
det A' = p^ and v satisfies appropriate decay conditions at the ends and boundary 
conditions on the axis. These decay conditions are most appropriately expressed in 
terms of new coordinates (r, x) defined by 


(2.5) 


r = 


2 -h 


211/2' 


nl/2 


X = 


[p^ + 2; 


211/2 


where 0 < r < cxo and — 1 < a; < 1. The axis F now corresponds to two lines = 
{(r, x)\x = 1} and X~ = {(r, x)\x = —1} . Note that if the space has a second asymptotic 
end, then the point r = 0 is removed. In this representation, the Euclidean metric on 
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takes the form 

(2.6) ^4 = dr^ + 




4(1 — x'^) 


We consider initial data (S, h) which are a natnral generalization of the well-known 
Brill data for three-dimensional initial data sets. Motivated by the above discnssion, we 
dehne this class as follows: 


Definition 2.1 (Generalized Brill data). We say that an initial data set (E, h, K, fi, j) 
for the Einstein eqnations is a Generalized Brill (GB) initial data set with local metric 


(2.7) h = e'" (d/ + dz') + Ah (d0' + 4dx“) (d0^' + Al{dx“)] 

where (a;^,a;^) = {p,z), det A' = and U = V — | log {2^Jp'^ -|- jf it satishes the 
following conditions. 

(1) (S, h) is a simply connected Riemannian manifold and Mend is diffeomorphic to 

\Rh( 0) where 5^(0) is an open ball with large radins R snch thalU 

ha0-{5^)cp = Os{r~^), dheL‘^{M^nd) p, j e L^{M^nd), 77 = o^-i(r“^) 

(2) The second fnndamental form satishes 

= = 0 Tr;,i7 = 0 

(i.e. the data is maximal). 

(3) The coordinate system (p, z, 0*) forms a global coordinate systeir@ on E where p G 
M"*" U {0}, 2 ; G M, and 0* have period 27r. I The fnnctions v,V,Al^, and Ah satisfy 
the following decay conditions, which are best expressed in terms of the (r, x) chart 
given by fl2.6|) : 

(a) as r —)■ cxD 

v = oi{r~^), A^p = poi{r~^), Al = oi{r~^), V = oi{r~^) 

Ki = (1 + (-l)*“Vii?^"^"^ + oi{r-^)) an, A'la = p^oi(r“^), 

where 0 < k < 1, aij = ydiag (1 — x, 1 -f x) 

(b) If r —)■ 0 represents a second asymptotically hat end we have 

n =-21og(r)-F oi(r), A), = poi(r), = oi(r^), V = oi{r) 

Ki = (1 + (-l)*"V22r^+'' + Oi{rK) an, = p^Oi(r"^), 

(c) If r —)■ 0 is a cylindrical end with topology M’*' x N where N = S^, S^xS"^, L{p, q) 
we have 

v = - log(r) + Oi(r^), A^p = poi(r), Ai; = Oi(r^), 

Ah - = oi(r^), V = Oi(l). 

^This condition is asymptotically flatness m for s > 2 and when we write / = Os(r*) it means 
d/3i • • ■ d/3p/ = o(r'“P) for 0 < p < s. 

^It may be possible to prove this assumption is unnecessary (see for the three-dimensional case) 
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where is a metric on N. 

(d) as p ^ 0 and w = is the Killing vector vanishes on the rod Ig 

X'ijW^ = O(p^), and others Ah = 0(1). 
and to avoid conical singularities on the axis F we have 


= -logl4, z e Is = {ag,as+i), w^eZ. 

We remark that any sufficiently smooth, asymptotically flat metric on a simply con¬ 
nected 3-manifold with additional asymptotic ends obtained by removing points form 
and admitting a 0(1) isometry can be written in the above form, with z = 1 [5]. It is 
natural to expect a similar result holds in the present case, up to some additional con¬ 
ditions. Note that the one-forms may be considered as a local connection 

on the 0(1)^ bundle over B. 

The initial data sets defined above encompass a large class of possible data sets, 
which include in particular initial data for extreme and non-extreme black rings. It 
proves useful to restrict attention to a subclass of data, which includes initial data 
for the Myers-Perry black hole. Let a fixed GB data set have orbit space B with rod 
points Oi, 02 ... ttn- Via the transformation fl2.6l) these points map to and X~. We 
arrange these points in order of increasing r and denote by 6^, for s = 1... n' < n, with 
Iq = Xe = {{r,x) : r = 0, —1 < X < 1} and hn'+i = Xp = {{r,x) : r = oo, —1 < x < 1}. 
The Xp is the asymptotically flat end and Xp is another asymptotic end or just the origin 
of half plan (p, z). 

Definition 2.2. The admissible set H of orbit spaces is a collection of B such that distinct 
rotational Killing fields vanish on T fi Bg, where Bg = {(r, x)|e^® < t < —1 < t < 

!}• 

Remark 2.1. The regions Bg correspond to annuli in the (p, z) representation of B and 
(finite, infinite, or semi-infinite) rectangles on the {y,x) representation where y = logr. 

Remark 2.2. The geometry of a second asymptotic end of data belonging to S must 
have N = (or a Lens space quotient). This follows from the classification of orbit 
spaces N/U{iy obtained in [10] when distinct Killing fields vanish on I'*' and X~. 

The ADM energji0 and momenta for a generalized Brill data set (E, h, K, p, j) are given 
by 

(2.8) m =-^ lim / {daKy - dpKa) ds, =-^ lim / Kayn^ ds 

iOTT r^oo J ^3 OTT r^oo J gs 

where S')) refers to a three-sphere of coordinate radius r with volume element ds = 
^dxd0^d0^ in the Euclidean chart outside a large compact region and n is the unit 
normal. Then we have the following positive mass theorem. 

■^We will refer to this as the ‘mass’ hereafter. 


n limlog 

2 p^O 


2 a/p^ -h z’^X'^jW^w^ 
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(b) Orbit space as in¬ 
finite strip 


Figure 1. The orbit space can be subdivided into subregions Bg which are half-annuli 
in the (p, z) plane and rectangles in the (y, x) = (log r, x) plane. In this case n = 6. The 
dashed line Ie can represent origin or in the case of black holes is another asymptotic 
end. 


Theorem 2.1 (Positive Mass Theorem for f/(l)^-invariant data). Consider a GB initial 
data set {H, h, K, j). Then if and B gE where S is defined in Definition \2.^ 

then 


(2.9) 0 < m < oo . 

Moreover, we have m < oo if and only if we have 

(2.10) i?,,p-2det VA' e L\B), V e L\R+), (4, -4^),t; e L^iB) 

Finally, m = 0 if and only if h is the Euclidean metric and S = 

Proof. Consider the GB data (S, h, K, We can write the metric in conformal form 
as 


( 2 . 11 ) hap — ‘^hap ■ 

where $ = Then by the asymptotic decay properties of GB data at the asymptoti¬ 
cally flat end we have 

(2.12) $ - 1 = o(r"^), hap = 5ap + o{r~^). 

Then the integrand in the expression for the ADM mass fl2.8p is 

(2.13) dahap dphaa 69^$ -|- OahaP dphaa o('r )• 


Therefore we hnd 


m = 


lim 


-Qdc^ ds + m? 


(2.14) 


IOTT JSr 

- lim [ —6v r + mr 

GItT r-i-oo 

Stt f 

-/ V rdx + mr 


(2.15) 
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where we used = e’' = 1 + Oi(r as r ^ cx3 in first equality. The second equality 
follows from f/(l)^-invariant symmetry of v and definition of = {(r, t) : r = cxo, — 1 < 
X < 1}. Now we find the ADM mass of the conformal metric h. 


Lemma 2.2. Consider a GB data CE, h, K, j) with the resealing fl2.11l) . Then 
(2.16) 


TT 


—Vr - r V 1 dx 


Proof. Consider the flat metric in Cartesian coordinates (?/*) 
(2.17) ^4 = dyl + dyl + dyl + dyj. 


with the transformation to (r, x, 0^,0^) (equivalently (p = y\/1 ~ ^ 

h transformation 

l^ + x f: 

COS0 y 2 = rd- 


for GB conformal metric with transformation 

(2.18) yi = r 


1 + X . 


sm ( 


Vs = r 


1 — X 


COS( 


1/4 = 7’ 


X 


2 - ' Y 2 

First we write the conformal metric in the {r,x,(j)^,(j)'^) chart: 


sm I 


(2.19) h = 64 + “ 1 ) ( + 


4(1 — x^) 


dx^^ + (AC - aij) d0M0* +2 ACA)jdx“d0-^ 


-V— 

Bi 


"v* 

Bii 


Bin 


+ terms quadratic in A\. 

The mass of ^4 is zero. By part 2 in Definition 12.1[ the last quadratic terms in (I2.19p does 
not contribute to the mass integral. Now we compute the mass of the terms Bj, Bjj^ 
and Bill. By asymptotic behaviour of functions (part (3) of Definition 12.11) we have 


( 2 . 20 ) Bi + Bii = {e^^-l)6^ + 


- 1 ) 


h 


r - - 1 ) 


+ 



r^(l + x) (d0^)' 

r^(l — x) {d(j)‘^Y 

iyidy2 - y2dyif 


A - (e- - 1 ) 


vl + vl 


Cn 

iVAdys - ysdyA^ 

vl + vl 


We compute the ADM mass of each one of these terms : 

• Cl : This is a conformally flat metric and by fl2.14p we obtain 

1 


( 2 . 21 ) 


= 


lim / 

1677 r^oo 


-3dr — 1 ) ds. 
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Cjj : we consider Cjj as a metric {Cu)ab such that the only nonzero components are 


( 2 . 22 ) 


{C, 


Iljab 2 I 2 

yi + y 2 


h 


— - {e‘^^ - l) {yldyl + yldyl - 2yiy2dyi(ly2) . 


Then by dehnition of ADM mass fl2.8p we obtain 
1 


m 


Cii _ 


lim 


IGtT r^oo J 


dyi{Cn)yiy 2 ^ + dy2{Cjl)y^y^^ + dy^{Clj)yj^y^^ 


+ dy2{Cn)y2y2^ - 9yi{Cll)y^y^^ - ^y^{C^)y2y2^^ 


ds 


(2.23) 


lim 


dr 


IQtT f-j-oo 

Cni ■ This is similar to Cn and we have 


/ll ( 2V I ^ /ll t 2V 1 j 

7T-(e -l)J+-[7T-(e -IjJjds. 


(2.24) = 


lim 


dr 


IGtT r^oo J 
Hence the ADM mass of Bj + Bn is 

1 


- 1) 


+ 




ds. 


(2.25)m 


(2.26) 


Bi+Bji _ 


lim 


IGtT r^oo J 

1 f 

lim 


dr — l) + - — l) > ds 


-a. - 1) + i - 1) 


-dxd0^d0^ 


4Dl 


21/, + — ^dx = -n I ( —Vr - rV ) dx. 


IQtT r—>-oo _ 

= - lim / 

4 r^oo 

where in the second line we used part (3)-a of Dehnition 12.11 We consider the term Bm 
(2.27) Bjjj = + x)d(j)^ (^pdp + A\dz) + - x)d(tA (A^dp + Aldz) +o{r~^). 

"-V-^ -V-^ 

Di+Dii Diii+Div 


We prove ADM mass of the Dj and Djj parts are zero and the argument for the other 
terms are similar. As in the argument used for Cn and C///, we consider Dj as the 
following metric 

(2.28) {Di)ab = ^r2(l + x)d(tAAldp = (pidpa - y 2 dyi) A^d^J{yl + p|) (p| + yf) 

A^ 

= —{yl + yl){.yidy2 - y2dyi){yidyi + y2dy2) 

P 

A^ 

+ —{y! + l/i)(l/id2/2 - l/2d|/i)(p3d|/3 + ysdys). 

P 

Then the integrand appearing in the ADM mass expression is 

(2.29) {da{Dj)ac - d,{Dj)aa) = P (pidy, - y 2 dy,)Al = 0. 

'-v-^ 

=0 
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Now consider Djj as a metric 
1 
2 


{Dji)ab = ^r‘^il + x)d(j)^Aldz = ^{yidy2-y2dyi)Ald[{yl + yl) - {yl + yl)] 


A^ A^ 

= —{yidy2 - y2dyi){yidyi + y2dy2) - -{yidy2 - i/2di/i)(i/3di/3 + ysdys). 

z z 


Then the ADM mass is 


(2.30) 


{daDlIac - dc{Dii)aa) = A = 0. 


=0 


Therefore, the ADM mass of the conformal metric is zero, that is = 0. 
Retnrning to the mass of GB data we have 


□ 


(2.31) 


TT 


m = 


'Xf L 


-D. - rV 


dx, 


Then we define three one-form uj, xi ^-nd X 2 


uj = 2xi + 6x2 


Xi = 


(2.32) 
where 

(2.33) 

(2.34) 

(2.35) 

Then 

(2.36) dxi = A 2 Vpdpdz, dx 2 = Asvpdpdz, den = ( 2 A 2 D -|- 6 A 3 r;) pdpdz, 

where A 3 is Laplace operator respect to 5 = dp^ -|- dz^ -j- p^dejA be metric on and 
A 2 = d'^p + d\. Now by asymptotes of GB data set, we list the behavionr of Xi and X 2 
at boundary of the orbit space = T U Xp U Xg where T = X+ U X“. 


[pV^p-v)dz-pV^Ap 

/^3 2 \ 

= (—r(l — x‘^)Vx — rxV) dr -|- f -^Vr — j dx 

J.3 

X 2 = P {v,pdz - n,^dp) = -r(l - x‘^)v^xdr + —v^rdx 


(2.37) 


Xi = 


9 


V ) dx, X 2 = ^U,^dx, 


on Xf 


4 ’ 2 ^ 

(2.38) Xi = —rxDdr, X 2 = 0, on T 

(2.39) xi = X 2 = 0, on Xp, 

Now if we integrate equation fl2.36p with coefficient | over the orbit space jB we have 


(2.40) 


TT 


TT 


— du = — 


u 


'dB 


TT 


71 


= —— / rxVdr — 


/yoO \ 

-Vr-r^v]+—Vr 
2 / 2 


dx 


71 


r\y{x = l) + V{x = —1)] dr — m 
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The first equality follows from Stokes theorem and the last equality follows from equation 
fl2.3ip and orientation of (r, x) chart. We next compute the scalar curvature of hafs- After 
a conformal rescaling we have 

(2.41) - = -R~^ + [A^v + |Vn|'] . 


where V is the derivative with respect to 6 ab and R-^ is Ricci scalar of h. Now similar to 
the calculation in [13] we comput^ the Ricci tensor of hap: 


(2.42) Rij 

(2.43) Ria 

(2.44) Rab 


V„V“A'j - (log p) V“AA + 1v”A',A'“V„A;^ + ie-«'A',A',ff“ 

!b,Ai + 

-PbjKAl + + RaAi - - DM logp 


-Tl' [A'-‘V.A'A'-"ViA'] 


where = 2V[aAl-^, Here Da and “^Rab are the Levi-Civita connec¬ 

tion and Ricci tensor with respect to qab = e^^Sab- Then the scalar curvature is 


(2.45) = -ie-® AAff« - 2A,U + 

By equations (I2.4ip and (12.451) we have 

(2.46) - Rhe^^+^^ = + 2 A 2 R - + GAgu + 6 |Vn|' 

where A 2 U = A 2 V by definition of U. Now we integrate equation (I2.46p over B and use 


m = 


TT 


TT 


RhC 


2V+2U ^ _e-^Uy uij _ 
4 -A 


det VA' 

2p2 


-I- 6 |Vn|" 


d/i 


(2.47) 

(2.48) > If 


+ — I r [R(a; = 1)-I-R(a; = —1)] dr 

2 Jo 


det VA' 

2p2 


-I- 6 |Vn|' 


TT 


dp + A I r\y{x = 1) + V{x = —1)] dr 
2 Jo 


The inequality follows from H^^,Rh > 0. Now we use the argument of Section 5 of [7] 
to establish positivity of m over each annulus Bg. Fix Bg and without loss of generality 
we can select the following parameterization of the 3 independent functions contained 


^There is a typo in equation A.l of m and the correct expression yields (12.421) for Ric(h) 
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in A',' and v. 


(2.49) 


An = 


A'i2 = 


r^(l 


X) 


2^1 - {w^y 
rVl - 




V = 


A22 — 


r^(l + x) 


e^ 2 -vf 


2^1 - 
+ i// + log Vl - 


2^1 - {w^y ' 2 

where Vg = d^i and Wg = 8^2 vanish on X+ fl Bg and X~ fl 5^, respectively such that 
(2.50) 


d d 

— = ^ik — ^ ^,i = l,2, s = l,...,n', 


d. 








where for fixed s we have det(Q;^^) = det 


a 


1 


si Clsl 

0 ^l2 (^‘s2 


= ±1 [To]. Recall that this relation 


must hold between two bases that generate the 17(1)^ action. The functions V{, V 2 and 
are functions whose boundary conditions on the axis are induced from those of 
A'j and v in Dehnition 12.11 In particular, we have det A' = and to remove conical 
singularities on by Definition 12.11 (l3dll we require: 

(2.51) 21/- Ri" + I//= 0 onX+, 21/- R/+ R/= 0 onX^, IT" = 0 on X^ 

Note that since A/ and v are continuous across the boundary of Bg, this will impose 
boundary conditions on the parameterization functions in adjacent subregions. Then 
we have 


(2.52)ms > 


vr 

16 


'R, 


|VTi" + VI/2IV |VT/p + 


IVIT" 


2(1 - (1T")2) 


+ 


2(1T")2|V1T" 


+ 


+ 


{W 


s\2 


2(1 - ( 1 T ") 2 ) 
( 1 T ")2 
r2(l - (1T*)2) 


|VTi" - VI/2I - 


(1 - (1T*)2)2 
VIT' 


+ IVT2I' 


Ad^Vi - Ad^v{ + 


r^dxdr > 0. 


(1 — x2) 

The hnal inequality follows from um (see also HI)- The total ADM mass m is simply 
the sum of and is hence non-negative. 

For the second part of the Theorem 12.11 it is obvious from fl2.47p that m < 00 if and 
only if fl2.10p holds. Now if we assume h is the Euclidean metric on E = , clearly 

m = 0. Conversely, If m = 0, then by fl2.47p we have 

(2.53) ^ - 4 „ = 0 

2 

Now we need to show t = 0, 1/ = 0, and A/ = aij = Ydiag(l + x,l — x). We prove it by 
the technique we used to prove positivity of m in each Bg. Fix Bg and a parametrization 
fl2.49p . Then by fl2.52p we have 

(2.54) VI// = VI/2* = VW" = 0. 


To show this, one should expand the derivatives with respect to r and x and use an 
argument similar to that given in [Hill]. The details are straightforward but tedious. 
Since IT" = 0 on X^, we have IT" = 0. Also by equations fl2.49p and fl2.54p . we have 
Vv = 0 and by Dehnition 12.1[ v vanishes at inhnity. This implies n = 0. Note that 
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in particular this implies there could not be another asymptotic end as r —)■ 0, since 
V (X — logr in that case. Moreover, by definition of v in the parametrization fl2.49p and 
v = 0, we have = —V 2 =constant. This means for each Bg we have 


r2(l - X) _ r2(l + x) ^_ 2 ys 

^ ^ 


Ai2 — 0 


n = 0. 


(2.55) X' = 

' 'kk 2 ' n 2 

where k ^ j and k,j = 1, 2. If we consider the last annulus Bn> which extends to spatial 
infinity, i.e. Xp, then by the asymptotic conditions of in Definition 12.II and W{^ = 0, 
we obtain = V^' = 0. Moreover, if we consider the common boundary of Bn'-i and 
Bn', by the continuity of V{ through boundary of Bg and fl2.50p . we have 


(2.56) W^'-^ = ±\og 




! 0 “ (^\n'-1)1^klCiIn'-1)2 


= [a 


1 


(n' —l)fc’ *^(n'—l)fc 


These 


where for fixed fc, J and o^ln'-i)k 

conditions arise by expressing Ah in (I2.55p in the fixed basis using the trans¬ 
formation fl2.50p . Since =constant in the above equation and right hand side is a 

function of x for some then we reach to a contradiction and this implies n' = 1. 

This is equivalent to S having the trivial orbit space, i.e. Moreover, we 

2 

obtain Ah = ap = Ydiag(l + x,l — x) and by straightforward computation it implies 

(2.57) - ^ 

Then, the equation fl2.46p reduces to 

(2.58) A2lh = 0, V vanishes on axis and infinity. 

By maximum principle on open set = {{p,z) : e < p < R}, we have D = 0 as 
R ^ 00 and e —)■ 0. By (I2.53p the one form /3* = A^^dp -f Aldz is close and simply 
connectedness of E implies that there exists a function -0* such that = d-^*, i.e. /3* is 
exact. Then the metric has the following global representation 


(2.59) 


h = 


dp^ + dz^ 

2V^ 


2;^ 


-I- CTpd (0* -f- -0*) d [(jX = 


dp^ + dz^ 

2v7+^ 




where 7* are new rotational angles with period 27r. Hence, h is fiat metric and E = 

Mb □ 

It is natural to expect this positivity result should extend to GB data that do not 
belong to H. We will return to this point in the final section. 


3. Mass-angular momenta inequality 

In [1] a local version of a mass-angular momenta inequality for a class of asymptoti¬ 
cally fiat, maximal, f/(l)^-invariant, vacuum black holes was shown. The G(l)^ isome¬ 
try group was assumed to act orthogonally transitively (i.e. there exist two-dimensional 
surfaces orthogonal to the surfaces of transitivity at every point). There is a question 
regarding the extension of our proof to the non-vacuum case and considering the gen¬ 
eral 17(l)^-invariant metric equation fl2.7p . The main problem in the non-vacuum case 
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is whether angular momenta are conserved quantities and twist potentials exist glob¬ 
ally. The ADM angular momenta related to the Killing vector for the GB data set 
(S,h, is 

(3.1) J(i) = ;^ lim / Ko.prf'iLdsh 

OTT r^oo ^ n; 

This is a well-dehned quantity and it is a conserved quantity in 17(1)^-invariant vacuum 
spacetimes. With matter source we show under appropriate conditions it remains a 
conserved quantity. In the previous section we showed that the ADM mass has lower 
bound, the right hand of equation fl2.48p . By the Hamiltonian constraint equation we 
have 

(3.2) Rh = {Kll + 1671/1 > \K\\ 

if /i > 0. In order to prove a local mass angular mometa inequality following the 
argument of [1] we need to hrst show the global existence of the potentials 

(3.3) dr«=2*(S('>A{|„A5p|) Sf = 

where a is the Hodge star operator with respect to h. 

Lemma 3.1. Consider the GB initial data set CE, h, K, j). If = 0, then are 
conserved and global twist potentials K* exist. 

Proof. Let Af G E and iSi, S 2 are two 3 dimensional surfaces with isometry subgroup 
U{iy such that dAf = iSi U 1S2. Then if we consider = 0 is the interior 

derivative) we have 

0 = / dE = -^ [ L^^.^divKdE = ^ f ds^ = J{i){S2) - J{i){Si) . 

JN JN JS1VJS2 

Thus the angular momenta are conserved quantities. For the second part, let 

(3.4) = 

Then 

(3.5) d/C(*) = 

then by the Killing property of and constraint equation we have AdAS*^®^ = —i^^.^diviF = 
~ 0- Therefore, since E is simply connected the potentials globally exist. 
Note that the above result can be extended to D-dimensional initial data with 17(1)^“^ 
commuting Killing vectors [13]. □ 

Recall that f — 0® symmetric data consists of the subclass of GB initial data with the 
property that hap —>■ hap and Kap —)■ —Kap under the diffeomorphism 0® —)■ —0® [15]. It 
can be shown that for vacuum {fi = j = 0 ) t — 0®-symmetric data, the metric takes the 
form fl2.7p with = 0 and the extrinsic curvature is determined fully from the twist 
potentials K* [7] . Thus this data is characterized by hve scalar functions, or equivalently, 
the triple u = {v, A', Y), where n is a function. A' is a positive dehnite symmetric 2x2 
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matrix, and K is a column vector [7]. Explicitly, for vacuum t — 0® symmetric data, we 
can express the extrinsic curvature as 

(3.6) 

where is a column vector and S = is a column vector with 

components 5® dehned by fl3.3p |T3]. This motivates the following dehnition. 

Definition 3.1. Let (S, h, K, /i, j) be a GB initial data set with /i > 0 and = 0. We 
dehne the associated reduced data to be the vacuum t — 0®-symmetric data characterized 
by the triple u = {v, A', Y) where {v, A') is extracted from the original data and Y is 
defined in 03.31) . 


The ADM mass of a given GB data set is bounded below by the ADM mass of its 
associated reduced data. This can be shown as follows. Let introduce the co-frame of 
one forms {0“} 

(3.7) 0“ = e"+^da;“, 0®+" = e" {df + A^da;“) , 

so that the metric can be expressed as 

(3.8) h = (52)ab0“0' + A'/'+20^+2 _ 
with associated dual frame of basis vectors 


(3.9) 

where x°' 


(3.10) 


e„ = (4 - ylia*,) e.+., = 

(p, 2;).Then we have 

= e{da,db,d^^,d^^)K{dx^,d^Jdx'" 
= e^®®e(ea, 66, 61,62)A'( 6 '^ 90 i) 6 '“ 

= e^^peabK{9\e,)9\ 


where Cab is the volume form on the flat two-dimensional metric. Noting Kbi = K{eb, 6j) = 
K{9’^, 6j) we read off 


(3.11) 


-(iv+U) 

K2i = , 


Ku = 


g-(4i;+[/) 


dYY^^ . 


2p ’ 2p 

Noting that in this basis, 

(3.12) \K\l = Kl, + Ki^ + 2Kl^ + 2X’^^KuK,^+2X'^^K^,K2, + X'^^X"^^K,kK,i 

^-2(4v+U) 


> 2X'^^KuKij + 2X'^^K2iK2j = 


2p2 


[VF*A'-Vy] . 


where Y = {Y^^\Y^‘^'>y. Using fl3.2l) and fl2.48p we arrive at 

j— 611 

(3.13) . 


TT 

m> — 
~ 4 


. detVA' ,2 6 

2A2U--h 6 |Vn|^ -1- 


VU*A'"VU 


2p2 


2p2 


dp. 
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Then it follows directly form the results of [7] that we can rewrite the right hand side 
of equation fl3.13|) as @ 


(3.14) M 



/ detVA' _e^VY*y-^VY 

V 2p2 


+ 6 |Vn|' 




which defines the mass functional M = M (v, A', Y) and Vs is defined in Definition 12. If 
[3dl Ai evaluates to the ADM mass for vacuum, t — (jf symmetric data. Thus we have 
shown that m > Ai = rriR where mu is the ADM mass of the associated reduced data. 

One would expect the mass functional is positive definite for all orbit spaces on asymp¬ 
totically flat S with positive scalar curvature. However, positivity of A4 has been only 
established for H G S [7]. Thus we have the following conjecture. 


Conjecture 3.2. Consider GB initial data set then Ai (v, A', Y) is a non-negative func¬ 
tional for any orbit space. 

We set u = (h. A', Y) where A' is a symmetric 2 x 2 matrix such that det A' = 0 . 
Consider h as a perturbation about some fixed initial data Uq defined in Definition 
13.21 . This should consist of five free degrees of freedom, and the apparent restriction 
det A' = 0 is simply a gauge choice that preserves the condition det A' = under the 
perturbation. Let po > 0 and Vtp^ = {(p, z, (p)|p > po} and select the perturbation Y and 
A in Now for a (unbounded) domain D, we introduce the following weighted 

spaces of functions with norm 

(3.15) ll/llci(o) = sup{cr-* I/I + |V/|} 

is finite with s < — 1 and a = ^/r"^ -\-l and for a column vector and a matrix we define 
respectively 

(3.16) |r| = {YA'C^Yy'‘^ , |A'| = (Tr [A'*A'])^^^ 

Then we define the Banach space B by 

= ll^llci(R3) + Pllci(Opo) + ll^llci(Opo) 

and similar to pQ we define the extreme class of initial data 


Definition 3.2. The set of extreme class E is the collection of data arising from ex¬ 
treme, asymptotically flat, M x f/(l)^ invariant black holes which consist of triples 
uo = (uo, Aq, Yq) where vq is a scalar, Aq = [Ay] is a positive definite 2x2 symmet¬ 
ric matrix, and Yq is a column vector with the following bounds for p <r‘^ 

( 1 ) ^Xo g- 2 i;o Z/oAs—Zlo < Cr~‘^ in where Aq = 

( 2 ) Cip/ 2 x 2 < Ao < C' 2 p/ 2 x 2 and C^p ^/ 2 x 2 < Aq ^ < C^p ^/ 2 x 2 in fipo 

(3) p^ < Xq in R^ where Xq = det Aq and Xq < Cp'^ in where limp^^o C = oo 

(4) iVuol^ < Cr-\ iVlnXol^ < Cp-^ in R^ and jVAoAo^j^ < Cp-^ in Dp, 

(5) V = V(x)r~^ + oi(r~^) and f^j^V(x)dx = 0 as r — )■ cxd. 


®There is a sign mistake in [7] because of orientation. The sign of summentaon over rods should be 


positive. 
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This definition was motivated by studying the geometry of the initial data for the 
extreme Myers-Perry and black ring solutions. In has been established that such geome¬ 
tries are local minimizers of the mass amongst suitably nearby data with the same orbit 
space [T]. We can now state our second result: 

Theorem 3.3. Let (S, h, K, p, j) be a GB initial data set with mass m and fixed angular 
momenta J(i) and J( 2 ) and fixed orbit space B E E satisfying p > 0 and = 0. 
Let u = (n, A', Y) describe the associated reduced data as in Definition \3.1\ and write 
u = Uq + u where Uq is extreme data with the same angular momenta and orbit space of 
the GB initial data set. If u E B is sufficiently small then 

(3.18) m> f{J,^ipJ^ 2 )) = M{uo) 

for some f which depends on the orbit space B. Moreover, m = /(J(i), J( 2 )) for GB initial 
data set in a neighbourhood if and only if the data are extreme data and fi = j = 0. 

Proof. First, consider the GB data with /i > 0 and = 0. Then by Lemma 13.11 
there exist global potentials T* such that \K\y^ satisfies in inequality fl3.12p and it yields 
m > M.{u), where u is the associated reduced data. Second, since u = uq + u, then all 
the assumptions of Theorem 1.1 of [1] hold and it follows that there exists e > 0 such 
that if IImII^ < e, then m > M(uo). Finally, by [T] it follows the inequality is saturated 
if and only if the data is extreme data. □ 
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